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Abstract

The standard design of control systems is based on the
periodic sampling. Every period the data is read from the
input, the control law is computed, and the output is written
to the actuators. However the periodicity of the sampling
instants is a constraint that arises from the ease of imple-
mentation and it is not strictly necessary in the control sys-
tem.

In this paper we present an execution model that samples
the input “when needed”. This model saves a considerable
amount of computational resources. We show the schedu-
lability analysis for a set of control-driven tasks using both
Fixed Priority (FP) and Earliest Deadline First (EDF).

1 Introduction

In networked and embedded control systems, the most
classic method used to read the input data of a controller
is theperiodic sampling[6]. In this case the controller is
implemented by a task that is activated periodically. The
implementation of controllers by periodic tasks has far be-
come the standard method for making digital controllers.
The reasons of this success are at least: the maturity of dig-
ital control theory, the ease of the implementation, and the
simplicity of the schedulability analysis for these periodic
tasks [26].

However the enforcement of a fixed separation between
two consecutive activations can be inappropriate depending
on the controller status. In some critical condition the con-
troller may wish to sample more frequently. On the other
hand, sometimes the samples could be less dense, allowing
to save more computational resources.

The utility in breaking the constraint of periodic sam-
pling is more relevant in severely limited computational re-
sources such as in embedded systems. In fact, to make these
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systems cost-effective, it is mandatory to use efficiently the
available computational resources [11]. Since the compu-
tational load imposed by controllers is proportional to their
rate of execution, it is interesting to study the techniquesto
design controllers with low resource demands.

As indicated in the research literature [18],event-driven
control systems provide interesting benefits like reducing
resource utilization while providing similar control perfor-
mance to the case of periodic controllers. In event-driven
control systems (also known as control with adaptive sam-
pling [14], control with Lebesgue sampling [5], interrupt-
based control [19], self-triggered control [25], sporadiccon-
trol [21], or state-triggered control [29]), the controller is
activated upon some condition on the system status and not
periodically. The condition, calledevent conditionor ex-
ecution rule, mandates to take a new control action when
the measurement signal has deviated sufficiently from the
desired set-point.

Unfortunately event-driven control lacks a mature sys-
tem theory that prevents, for example, to estimate the com-
putational load required by these controllers. Traditionally,
event-driven approaches base their operation using some
additional hardware to detect the events (e.g., analog event
detector) that provokes the release of control jobs. Hence,
jobs’ release times are not known before system run-time,
which makes schedulability analysis difficult.

However, recent works [29, 25, 32, 3] on event-driven
control approaches have focused not only on control aspects
but also on real-time aspects. In particular, these works
permit to derive timing properties that help characterizing
when events will occur. Hence, they provide a priori knowl-
edge on the type of sequence that event-driven control jobs
will have at run time, and open the door to the problem of
their schedulability analysis.

1.1 Intuitive problem formulation

Control systems can be described by the evolution of the
plant dynamics (or trajectory, response, etc.) over time. The
trajectory is sometimes modeled in some space domain such
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(a) Periodic control by discretization of the time domain
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(b) Event-driven control by discretization
of the space domain

Figure 1. Discretization for control systems.

as the state-space representation. Hence, control systems
can be entirely described using two domains, the time and
space domain.

Periodic control bases its operation by activating con-
troller jobs according to a discretization in the time domain.
Commonly, this discretization is regular, providing equidis-
tant activation instants, i.e. constant sampling period. Fig-
ure 1-(a) illustrates this approach. In the figure we have
plotted by a solid line the output of a simple linear system.
The grid of vertical dashed lines represents the time dis-
cretization that marks the activation timesai of a periodic
controller. The corresponding activation pattern is reported
below.

In this paper we show that the operation of various type
of event-driven control approaches is based on activating
controller jobs when the system trajectory crossesbound-
aries that define a discretization in the space domain, as
illustrated in Figure 1-(b) by the horizontal dashed lines.
These boundaries are the tolerated thresholds where the sys-
tem trajectory can move without requiring control actions.
Below we also draw the generated activation pattern. At
each activation, the height of a line is equal to the distance
to the next activation.

Looking at Figure 1-(b), many questions arise, for exam-
ple: How thresholds/boundaries are defined? Is it required
to have specific hardware for detecting that the trajectory
reaches a boundary? What is the relation between bound-
aries and activation times? Is it possible to derive off-line
the sequence of activation times? Given a sequence of acti-
vation times, how schedulability analysis can be performed?
In the paper we will attempt to answer these questions.

1.2 Related work

Timing constraints for periodic controllers are derived
in the controller design stage. Traditionally, the task pe-
riod is given by the sampling period and the deadline is
set to bound the input-output latency of the controller [4].
Schedulability analysis is then performed using standard
techniques for periodic workloads.

Although early in the 60’s [14] it was already noted the
efficiency of event-driven control in terms of resource uti-
lization, only the latest research results on this topic have
covered real-time aspects.

In the approach by Johannessonet al. [21] it has been
noted that tasks triggered by asynchronously generated
events can not have guaranteed service unless a minimum
inter-arrival timeT is well defined. Hence, they presented
the sporadic control approach where they imposed that sam-
ples can not be taken more often thanT . However, schedu-
lability issues are not addressed.

Lemmonet al. [25] presented the self-triggered control-
ler approach where tasks periods are chosen using Lya-
punov-based techniques to ensure robust control perfor-
mance. The key idea is that at each job activation, the soft-
ware tasks select themselves the next job release time ac-
cording to a specific execution rule. Each next release time
is then submitted to the Elastic scheduling algorithm [12],
which is shown to allocate each new task utilization. Rather
than imposing a minimum inter-arrival timeT between con-
secutive controller jobs as in [21], Lemmonet al. provide
evidences that for the defined execution rule thisT exists.

Similarly, Tabuada [29] presents an event-driven ap-
proach using a similar execution rule. In addition, an ac-
curate approximation on the minimum inter-arrival time be-
tween two consecutive control jobs is derived. This time is
regarded as a lower bound for jobs release times and shown
to be useful for schedulability analysis in the simple case of
a workload composed by one higher priority event-driven
control task sharing the processor with other periodic tasks.
The drawback of this approach is that the operation of the
event-driven control task requires dedicated hardware to test
the defined error.

These approaches [25, 29] were further analyzed by Ve-
lascoet al.[31], where a graphical method to find lower and
upper bounds for the timing sequences generated by these



type of event-driven control approaches was presented. Fur-
ther, Velascoet al. showed that periodic sampled control
systems is an special case of event-driven control systems.

Recently, Wang and Lemmon [32], and Anta and Ta-
buada [3] updated their previous approaches. Both updates
reformulate the execution rule and derive approximations
for the sequences of release and finishing times (or dead-
lines) that characterize the set of jobs for each event-driven
control task. But no formal schedulability analysis is pro-
vided. However, their key contribution is that they removed
the need for dedicated hardware for detecting the event con-
dition. Instead, they have shown that detecting an analog
event condition can be transformed into imposing an exe-
cution rule that sets next jobs timing constraints at each job
execution.

These latest results provide the first steps towards un-
derstanding the scheduling requirements for specific event-
driven control approaches. However, none of them has ad-
dressed in general terms the analysis of controller jobs acti-
vations and its integration into existing schedulability anal-
ysis as we propose in the work.

On a parallel track, the schedulability analysis has ad-
vanced significantly to capture many different kinds of task
activation, and it has reached a maturity. Gresser [15] pro-
posed an EDF analysis of a set of tasks whose activations
are modeled by a sequence of interarrival times. Tindellet
al. [30] included the burst activation task model in the FP
analysis. Jeffay and Goddard [20] proposed the rate-based
execution model, where it is specified the number of activa-
tion that can occur in an interval. Richter and Ernst [28] pro-
posed to model the task activations by the maximum/min-
imum number of activations in any interval long∆t. Al-
bers and Slomka [1] proposed both an exact and an approx-
imated EDF analysis for this task model. Bini [10] reduced
the set of scheduling points [24] for arbitrary activation pat-
terns to allow a faster necessary and sufficient schedulabil-
ity test. Finally, Chakraborty and Thiele [13] proposed to
analyze an application modeled by the maximum time re-
quirement using the Network Calculus [23].

1.3 Paper contributions

This paper permits to accommodate several existing
event-driven control approaches in a unique framework.
Specifically we contribute by:

• providing general explicit approximated solutions to
compute activation times for event-driven control jobs;

• deriving the worst-case activation pattern for the
control-driven tasks;

• extending both the FP and EDF schedulability analysis
to the control-driven tasks.

2 Model of the Control Action

We study a system composed bym controllers, each one
implemented by a control taskτi. The controllers are acti-
vated based on events generated when some error threshold
is reached. As we have remarked previously these events
are not necessarily periodic. We call this modelevent-
driven control task model (orcontrol-driven task model)
because at each activation the controller itself sets the next
activation, based on some control-related events.

Since we will analyze the task model of only one con-
troller, in the rest of this section we drop the index of the
controller for better clarity.

The plant to be controlled is modeled by the following
continuous-time linear control system

ẋ = Ax + B u

y = C x
(1)

wherex ∈ R
n×1 represents the system state,u ∈ R

m×1 is
the input,y ∈ R denotes the system output, andA ∈ R

n×n,
B ∈ R

n×m, andC ∈ R
1×n describe the evolution of the

system. Given the feedback matrixL ∈ R
m×n, let

ui = L x(ai) = L xi (2)

be the control updates computed from a sample at timeai

by a linear feedback controller designed in the continuous-
time domain. Notice that we setxi = x(ai) to denote in
short the system state at the sampling timeai.

In periodic sampling we haveai+1 = ai +T , whereT is
the period of the controller. However in control-driven sam-
pling the activations of the controller occurs at a sequence

{ai}i∈N (3)

that is not necessarily periodic. In Section 3.1 we review
several possible events that can trigger the activation of the
controller. Each time an event occurs, the controller sam-
ples the state, computes the control update, and applies it to
the plant.

Between two consecutive control updates, the control
signal is held constant, meaning that

∀i ∈ N ∀t ∈ [ai, ai+1[ u(t) = ui. (4)

The system trajectory, that is the system state as a func-
tion of time, after the sampling timeai, evolves according
to the dynamics [6]

∀t ≥ ai x(t) = (Φ(t − ai) + Γ(t − ai)L)xi (5)

whereΦ : R → R
n×n andΓ : R → R

n×m, that denotes
the system and input matrices, are defined by

Φ(t) = eAt and Γ(t) =

∫ t

0

eAsdsB. (6)



It can be noticed that according to (5) the state at the sam-
pling instantx(ai) is, as expected,xi sinceΦ(0) = I and
Γ(0) = 0.

Note that the adopted control model of (1)–(2) assumes
that the time elapsed from sampling the state to updating
the control signal is negligible, that is, sampling and actua-
tion occur at the sameith time instant. In terms of timing
constraints, each controller job activation and finishing time
occur at the same time instant.

This assumption is taken for the sake of clarity in the
exposition of the theoretical results. Nonetheless, Albertos
and Crespo [2] have proposed a technique that allows to
design the controller within this hypothesis. In short, all
activation times can be advanced in time to give room to
computation times, and then the state at the actuation times
can be reconstructed from the advanced samples using an
advanced observer (predictor). For further details on this
technique, the interested reader is referred to [27], whereits
implementation and evaluation on top of a real-time kernel
is presented.

3 The Control-driven Task Model

The control-driven taskτ has execution timeC and a
deadlineD that is set equal to the minimum interarrival
time. The peculiarity of the control-driven task is that its
jobs are activated based on anexecution rulethat triggers
the execution when some control-related event is verified.

Below we show a formalization of these events.

3.1 Event Conditions

The event conditions specify the rule that triggers the
execution of controller jobs. Generally speaking, the exe-
cution rule ensures that the system state does not deviate
significantly from the desired/expected value, i.e. a given
error is tolerated from the sampled state.

Let
ei(t) = x(t) − xi (7)

be the error evolution between consecutive samples witht ∈
[ai, ai+1[.

For several types of event-driven control approaches,
event conditions can be generalized by introducing a gen-
eric functionf : R

n × R
n → R that measures the magni-

tude of the error.f must have the following properties:

1. f(e, x) is a continuous function;

2. f(e, x) ≥ 0 for all the errorse ∈ R
n and system states

x ∈ R
n;

3. f(e, x) = 0 ⇔ e = 0;

Once such a function is provided, the condition that must be
ensured during the controller life time is

f(ei(t), xi) ≤ η (8)

whereη ∈]0, 1] is the error tolerance.
Since we require that the condition of (8) holds during

the complete lifetime of the controller, it is quite naturalto
set the next sampling instantai+1 equal to the first instant
when the statexi+1 = x(ai+1) reaches the boundary of (8).
This observation is condensed in the following Proposition.

Proposition 1 If we set

ai+1 = min{t ∈ R : t ≥ ai, f(x(t) − xi, xi) = η} (9)

then we have

∀i ∈ N ∀t ∈ [ai, ai+1[ f(x(t) − xi, xi) ≤ η (10)

Proof We prove it by contradiction.
First we observe thatf(x(t) − xi, xi) is continuous in

t, because it is a composition off , that is continuous by
definition, andx(t), that is also continuous because it rep-
resents the state trajectory (see (5)). Suppose it existsi ∈ N

andt ∈ [ai, ai+1[ such that

f(x(t) − xi, xi) > η

Sincef(x(ai) − xi, xi) = 0 andf is a continuous function
of t, for the intermediate value theorem it existst∗ ∈ [ai, t]
such that

f(x(t∗) − xi, xi) = η

and this contradicts the minimality ofai+1 sincet∗ ≤ t <

ai+1.
Proposition 1 allows the selection of the next controller

activationai+1 such that the condition of (8) is always guar-
anteed. In Section A we show an explicit solution of the (9).

We stress that the execution rule set in (9) can capture
the events of many real-world applications.

In some cases the execution rules are imposed to restrict
the desired system dynamics, e.g. [21, 3, 32]. In some other
cases it can also be intrinsic to the nature of the control
setup, such as the measurement method, e.g. [17]. Many
of them, although were initially developed making use of
analog event detectors, can be transformed in such a way
that the execution rule is expressed by (9). Therefore, the
approach presented in this paper is not bounded to a sin-
gle event-driven approach. It rather covers a wide range of
existing results.

Although it is out of the scope of this paper to explic-
itly show that the rule of (9) can be used to model several
types of execution rules, we examine in greater detail two
possible cases for the sake of clarity. For example, the event



condition defined in the self-triggered scheme [32], reported
below

∀i ∈ N ∀t ∈ [ai, ai+1[
ei(t)

T Mei(t)

xT
i Mxi

≤ η, (11)

is a special case of (8).
Another significant example is provided by the encoders,

position sensor widely used in many control applications.
Encoders are discrete sensors that emit pulses whose fre-
quency depends on the speed [17]. If control updates are
triggered at each emitted pulse, the event condition can be
defined as

Sx(t) = Sxi + η∆∗ (12)

where∆∗ ∈ {−∆, 0, ∆} with ∆ being the encoder reso-
lution, andS = [0, . . . , 1 . . . , 0] selects thekth component
of the state vector, which is relative to the position. If we
rewrite (12) as

Se(t)

∆∗
= η (13)

then it is clear that this condition can be seen as well in the
framework of (8).

Note for the readers Starting from the next section, we
present some examples. The Matlab code of these examples
is available athttp://www.upcnet.es/ ˜ pmc16/ .
Throughout the paper we specify the file that contains the
corresponding code.

3.2 Comparison with periodic controller

The objective of presenting this example (available in
periodic_vs_event.m ) is twofold. First, it serves to
show that an event-driven controller can provide the same
control performance as a periodic controller while requiring
less resources. Second, it illustrates the activation pattern
of the controller jobs for which we provide schedulability
analysis.

Let us consider the ball and beam system [6]

ẋ =

[

0 1
0 0

]

x +

[

0
1

]

u

y =
[

1 0
]

x,

(14)

with state variablesx andẋ.
The periodic controller is designed using optimal con-

trol, that is, it solves the standard optimization problem [6]
where the cost to be minimized is

∫

∞

0

xT Qx + uT Ru + 2xT Nu dt. (15)

The weighting matricesQ, N , andR are selected as follows

Q =

[

2.6964 −0.3092
−0.3092 0.0368

]

, N =

[

0.0030
0.00166

]

,

R =
[

0.0011
]

.

By setting the sampling period to0.05 seconds, the resulting
controller gain is

L =
[

37.5468 9.7134
]

.

The control-driven controller, with gain

L =
[

25.0897 6.8038
]

,

is heuristically designed according to the model given in
Section 2 with an event condition specified by the function

f(e, x) =
eT Q1e

xT Q2x

¿From Proposition 1 and the definition off , it follows that
the sequence of sampled states must obey to the equation

[xi+1 − xi]
T Q1[xi+1 − xi] = ηxT

i Q2xi (16)

and the sampling instantsai must sample the state, such that
the sequence of states{xi}i∈N is in accordance to (16). We
select

Q1 =

[

1.4589 0.0001
0.0001 0.0097

]

, Q2 =

[

4.8051 0.7463
0.7463 0.4328

]

andη = 0.02 in order to reproduce a similar trajectory of
the periodic controller.

In Figure 2 we illustrate the closed-loop system trajec-
tory of the two controllers in the(x, ẋ) plane, as well as,
the operation of execution rules.

In the figure, the trajectory for the case of the periodic
controller is shown by a dashed line, and the trajectory for
the case of the control-driven controller is shown by a solid
line. From the initial state,x0 = [−100 200]T , both trajec-
tories tend toward the equilibrium point[0 0]T exhibiting a
very similar dynamics. Surprisingly, measuring the control
performance archived by both controllers in terms of (15),
the control-driven controller gives a slightly better perfor-
mance than the “optimal” periodic controller.

On both trajectories we mark the job activations by
crosses(for the periodic controller) and bydots (for the
control-driven controller). That is, crosses correspond to
the periodic activations of the optimal controller, while dots
correspond to the aperiodic activations of the control-driven
jobs, whose timing is partially shown in Figure 3. For the
case of the control-driven controller, at each job execution
we also draw the boundary of the admissible variation of
the state, represented by a circle. If fact, each of the ar-
rows that starts on a dot, mark the boundary generated by
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Figure 3. Activation times for the control-
driven and periodic controller

the sampled state at that job activation. Looking only at the
trajectory achieved by the control-driven controller, as the
state moves along this trajectory and crosses the boundary,
a new job is activated and a new sample is taken, according
to Proposition 1.

But more interesting, the processor demand of the
event-driven controller is less than the periodic controller.
Figure 3 shows the pattern of the jobs’ activation for both
controllers. Thex-axis is simulation time, and they-axis
is the sampling interval also in seconds. Each job activation
time is represented by a vertical line, whose height indicates
the next job release time.

As it can be seen in Figure 3, all sampling intervals for
the event-driven controller are above0.05s, which means
that the control-driven controller has a varying rate of ex-
ecution that demands less resources than the periodic con-
troller executing at a constant rate given by the sampling

period of0.05s. In fact, the control-driven controller has
an average period (concept that will be formally defined in
Section 3.4) of0.059s. It is also interesting to observe in
Figure 3 the pattern of job activations. In the next example
we will show more examples of activation patterns.

Comparing four controllers Now we present four con-
trollers, that we call simplyτ1, τ2, τ3, andτ4, that will be
used in the paper to illustrate different aspects (available in
the fileactivation_patterns.m ). All the controllers
have been designed to control the ball and beam system de-
scribed by (14). The event condition is described by the
quadratic functionf shown in (11), as suggested by Wang
and Lemmon [32]. The quadratic functionf of the control-
ler τi is defined by the weighting matricesMi:

M1,2,3 =

[

1.9902 1.7323
1.7323 3.9904

]

M4 =

[

1 0
0 1

]

The first and second controller have an heuristic gain

L1,2 =
[

5 2
]

designed by pole placement [6] with desired poles at−1 ±
2i, such that the closed loop has complex eigen vectors.
This property, combined with the execution rule, produces
an oscillating pattern for activation sequence{ai}i∈N. In
the controllerτ1 we set an error toleranceη1 = 0.01,
whereas the controllerτ2 we setη2 = 0.05.

The third controllerτ3 has a gain of

L3 =
[

−1.001 −1.7322
]

,

and it is designed withη3 = 0.01 using robust control tech-
niques [32], which grants exponential convergence of the
system’s state.

Finally the controllerτ4 has a gain equal to

L4 =
[

−2 −3
]

.

To further illustrate activation times, Figure 4 shows the
activation times for the four controllers. It can be noticed
that τ1 and τ2 has similar pattern, althoughτ1 pattern is
more dense due to a smaller value of error toleranceη. Also
the third pattern oscillates although with a much longer pe-
riod. Finally, the last pattern becomes stable after an initial
transient.

3.3 The worst-case activation pattern

To perform the schedulability analysis of a set of control-
driven tasks, it is necessary to estimate the maximum
amount of computational resource required by each taskτ .
When all the jobs execute for the same amount of time, the
scenario of maximum computing requirement occurs when
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Figure 4. Examples of activation patterns.

the activations are as dense as possible [15, 23, 28, 1]. In
this case it is necessary to find the length of the shortest
intervalIk that can accommodatek + 1 consecutive activa-
tions, formally defined as:

Ik = min{I ∈ R : [t0, t0 + I] containsk + 1 activations}
(17)

For example, in the sporadic task model with minimum in-
terarrival timeT between two consecutive activations, we
would simply findIk = k T . If we denote the activations
by ai then we have

Ik = min
x0

{ak − a0} (18)

where the minimum is performed on all the possible initial
statesx0.

In the rest of the paper we will call the sequence{Ik}k∈N

theworst-case activation patternof the taskτ . We highlight
that the worst-case activation pattern is a sequence of inter-
val lengths, not a sequence of activation times.

In the control-driven task model the separation between
two consecutive activations depends also on the system dy-
namic, as explained in Section 3.1. As indicated by Propo-
sition 1, from an activation that occurs at timeai the next
activationai+1 is such that the next sampled statexi+1

lays on the boundary specified by the admitted error value
η. Nonetheless the state evolution obeys to the law of (5).
Hence we can assert thatIk is the solution of the following
minimization problem

Ik = min ak − a0 (19)

subject toxi+1 = G(ai+1 − ai)xi i = 0, . . . , k − 1 (20)

f(xi+1 − xi, xi) = η i = 0, . . . , k − 1 (21)

a0 = 0 (22)

ai+1 ≥ ai i = 0, . . . , k − 1 (23)

where

• Equation (19) states that our goal is to minimize the
activation of thekth job, as required by the definition
of Ik;

• Equation (20) describes the evolution of the system
state as we have seen in Section 2. For compactness
we have introducedG : R → R

n×n, defined as

G(t) = eAt +

∫ t

0

eAsds BL

Notice thatG(0) = I (the identity matrix);

• Equation (21) is the relationship betweenxi+1 andxi,
describing the condition of crossing the boundary of
error;

• Equation (22) sets the initial activation equal to0 with-
out loss of generality;

• Equation (23) states simply that the activationai+1

must follow activationai. This condition is necessary
because, as it can be noticed in Figure 2, the state evo-
lution crosses the error boundary also once backward
in time.

It can also be noticed that the inequality must hold
strictly, otherwise from (20) it followsxi+1 = xi,
sinceG(0) = I. However in this case (21) would
becomef(0, xi) = η that is always false because
f(0, xi) = 0 andη > 0.

We highlight that the previous constrained minimization
problem hasn(k + 1) variables for the states (k + 1 states
in R

n) plusk + 1 variables for the activation instants. The
constraints instead arenk + k + 1. Hence the free variables
aren. A very interesting interpretation is achieved if we
imagine then-dimensional statex0 as the free variable. In
this case the statex0 that solves the problem of (19)– (23)
will be the initial state that generates the most dense acti-
vations{a0, . . . , ak}. We label this special initial state by
xk

0 .

Comparing four controllers Now we use the four con-
trollers of the ball and beam system introduced earlier to
show their worst-case activation pattern (available in thefile
worst_case_activation_patterns.m ). Figure 5
shows the four worst-case activation pattern on the con-
trollers introduced earlier. In the figure, for each of the four
patterns we draw thekth vertical line at the positionIk. The
height of the line is equal to the separationIk+1 − Ik.

Now we spend some words on the differences between
the activation pattern (shown in Figure 4) and theworst-
caseactivation pattern (Figure 5). In first case we are plot-
ting the sequence of activations{ai}i∈N that we will expe-
rience, starting from some initial statex0. Hence we have a
different activation pattern for every possible starting state.
In the second case, the worst-case activation pattern is the
sequence{Ik}k∈N, whereIk is the solution of the (19)–
(23). In this case the worst-case activation pattern doesnot
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Figure 5. Example of worst-case activation
patterns.

depend on the initial state, because for eachIk the mini-
mization problem search for the initial state that makes it
minimum.

3.4 Asymptotic Behavior

The characterization of the controller activations by
means of the worst-case activation pattern{Ik}k∈N is an
elegant method that allows to perform the schedulability
analysis, as it will be shown in Section 4. However this
representation has a clear disadvantage: it is unfeasible to
computeIk for all k. To overcome this limitation we intro-
duce theaverage periodthat captures in one unique num-
ber an important feature of the worst-case activation pattern.
Formally, we give the following definition.

Definition 1 Given a task whose worst-case activation pat-
tern is{Ik}k∈N, we define theaverage periodT the follow-
ing:

T = lim
k→+∞

Ik

k
(24)

When this limit exists and it is finite, it is possible to
define also the taskutilizationby

U =
C

T
(25)

whereC is the computation time of the task. Similarly as in
the periodic task case, the utilization represents the fraction
of the CPU that is consumed by the task.

Comparing four controllers In this example (available
in asymptotic_behavior.m ), we show how the aver-
age period varies with the admitted tolerance to the errorη.
Since the two controllersτ1 andτ2 differs only for the value
of η, they will have the same behavior in this experiment.
In Figure 6 we plot the three average periods as a function
of η.
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Figure 6. Average period as η varies.

In general, we can see that as we tolerate a larger amount
of error (large values ofη) the average period increases, as
one would expect. Then, above some threshold value ofη,
the behavior of the average periodT becomes irregular.

The explanation of this irregularity can be possibly ar-
gued from an accurate observation of Figure 2. A small
value ofη means that the size of the ellipse that sets the next
sample is small. It this case, the trajectory of the state canbe
well approximated by a line in a small neighborhood of the
current statexi. On the other hand, whenη is large, the first-
order approximation is not possible and a large amount of
the trajectory falls within the ellipsef(xi+1 − xi, xi) ≤ η.
In this case the next activation will respond to a chaotic be-
havior and the limit of (24) loses significance.

4 Schedulability Analysis

If a set ofm control-driven tasks is running in the com-
puting resource then the execution of tasks can interfere
with each other. Hence it is necessary to develop a proper
schedulability analysis that ensures that the deadlines are
not missed.

Below we develop the schedulability analysis of control
driven tasks for both FP and EDF.

4.1 FP Analysis

In FP analysis all the tasks must be characterized by the
maximum time demand that is the maximum computing re-
source that can be required in any interval of lengtht. The
time demand can then be used either in the Response Time
Analysis [16, 22, 7] to find the task response time, or in the
Time Demand Analysis [24] to check the feasibility directly
without computing the response time.

In the control-driven task model, since all the jobs re-
quire the same amount of timeC, the time demand is given



by act(t)C, where

act(t) = max
t0

{number of activation ofτ in [t0, t0 + t)}

(26)
is the maximum number of activations that can fit in an in-
terval of lengtht. Notice that ifτ is strictly periodic with
periodT , we would haveact(t) =

⌈

t
T

⌉

.
Thanks to the introduction of the interval lengthsIk (see

Section 3), we can easily define the number of activations
as follows

act(t) = k ∀t ∈ (Ik−1, Ik] (27)

Now we introduce again the index of the taskτi in the
notation for the number of activationsacti(t), the length of
the intervalsIk

i , the computation timeCi, and the deadline
Di. We suppose that the tasks fromτ1 to τm are indexed by
decreasing priority.

In the schedulability analysis of control-driven tasks
scheduled by FP we must ensure that all the jobs com-
plete before their corresponding deadline that has been set
equal to the minimum separation between two activations
I1. This means we set the deadlineDi = I1

i for all the jobs
of τi.

Hence, if we compute response time by the iterative for-
mula

Ri = Ci +

i−1
∑

j=1

actj(Ri)Cj (28)

it is necessary and sufficient to test whetherRi ≤ Di = I1
i

to guarantee that all the jobs ofτi complete not later than
the following activation.

On the other hand if we perform the schedulability
test by the Time Demand Analysis, then we must ensure
that [10]

∀i = 1 . . .m ∃t ∈ Pi−1(I
1
i ) Ci +

i−1
∑

j=1

actj(t)Cj ≤ t

(29)
wherePi(t) is the set of scheduling points [24, 10] recur-
sively defined by:

{

P0(t) = {t}
Pi(t) = Pi−1

(

max{Ik
i : Ik

i ≤ t}
)

∪ Pi−1(t).
(30)

4.2 EDF Analysis

In EDF schedulability analysis, each task must be char-
acterized by itsdemand bound function[9, 8] that is the
maximum amount of work that the taskτ can require by
consecutive jobs whose activation and deadline is within an
interval longt. If we definejobs(t) as

jobs(t) = max
t0

{number of consecutiveτ jobs whose

activation and deadline is in[t0, t0 + t]} (31)

then the demand bound function of the taskτ easily be-
comes jobs(t)C, because all the jobs require the same
amount of computationC.

For computing the most dense number of jobs, we can
take advantage of the interval lengthsIk that we found as
solution of the problem in (19)–(23). In fact the sequence
{Ik}k∈N corresponds to the most dense sequence of acti-
vations. Moreover if we set the task deadline equal to the
smallest separation between two activations (i.e.D = I1),
then the deadlines of the most dense activation pattern occur
at the sequence{Ik + I1}k∈N. It follows that the maximum
number of jobs in an interval longt is

jobs(t) =

{

0 ∀t ∈ [0, I1)

k ∀t ∈ [Ik−1 + I1, Ik + I1), k ≥ 1
(32)

because the number of jobs makes a step at each deadline.
For the analysis of a set ofm control-driven tasks we

need to introduce the indexi of the taskτi in (32).
In this case a task set is schedulable by EDF if and only

if [1, 13]:

∀t ∈ dlSet

m
∑

i=1

jobsi(t)Ci ≤ t (33)

wheredlSet of a set of deadlines properly selected. If the
total task set utilization

∑m

i=1
Ui is smaller than1 then the

set of deadlinesdlSet is finite. In fact, using the technique
proposed by Baruahet al.[9] and Albers, Slomka [1], if the
number of jobs can be upper estimated by a linear function
as follows

jobsi(t) ≤ bi +
t

Ti

(34)

then set of deadlinesdlSet can be reduced to a finite set such
that

max dlSet ≥

∑

i biCi

1 −
∑

i Ui

. (35)

5 Conclusions and future work

The schedulability analysis of control-driven tasks opens
a wide fields of exciting research in the field of both control
systems and real-time systems.

For the control point of view it is interesting to investi-
gate what is the minimum amount of error toleranceηi that
we allow for a set of controllers, given a fixed amount of
computational resource. Another, indeed very challenging,
problem to investigate is to design the control feedback that
guarantees some desired value of performance minimizing
the amount of computational resource.

For the schedulability point of view many problems re-
main open: is there any sufficient guarantee test that can be
performed of the “utilizations” of the control-driven tasks?



What is the optimal priority assignment in control-driven
tasks?

We believe that all these problems constitutes significant
challenges in the field of real-time control systems.
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A An explicit solution to the next activation

Determining the next activationai+1 from (9) requires
to find the zeros of a generic functionf . That is, given the
sampled statexi at the instantai, thenai+1 is given by the
smallest value that solves

f(x(t) − xi, xi) = η (36)

Finding the minimumt that solves (36) is a challenging task
because havingx(t) implies that matrix exponentials (re-
call (5)–(6)) will appear as input arguments off , making
the equation transcendent, and preventing so to have an an-
alytical solution.

Fortunately the following Proposition gives the means
for finding a generic approximate solution.

Proposition 2 For any linear system (1)–(2) with execution
rule given by (8), and for any given statexi = x(ai), the
next sampling instantai+1 is the smallest positive zero of
the function ont

f(Ψ(t − ai)(A + BL)xi, xi) − η = 0, (37)

whereΨ : R → R
n×n is defined as

Ψ(t) =

∫ t

0

eAsds. (38)

Proof Equation (36) that can be re-arranged as

f(x(t) − xi, xi) − η = 0. (39)

As suggested bẙAström and Wittenmark [6], the matri-
cesΦ(t) andΓ(t) of the system evolution (see (5)) can be
both expressed as function ofΨ(t)

Φ(t) = eAt = I + AΨ(t) (40)

Γ(t) =

∫ t

0

eAsdsB = Ψ(t)B (41)

Substituting (40)–(41) into (5) we have

x(t) = (Φ(t − ai) + Γ(t − ai)L)xi =

= (I + AΨ(t − ai) + Ψ(t − ai)BL)xi =

= (AΨ(t − ai) + Ψ(t − ai)BL)xi + xi (42)

Since matricesΨ(t) andA commute, (42) can be rewritten
as

x(t) − xi = Ψ(t − ai)(A + BL)xi (43)

By rewriting (39) using (43), we obtain (37), which is a
function ont. Therefore, we will find the next sampling

time by solving (37) fort and choosing the smallest positive
zero.

Notice that finding the zeros of (37) is still challenging.
However, sinceΨ(t) can be efficiently approximated by the
following power series [6]

Ψ(t) =

∞
∑

k=1

Ak−1tk

k!
(44)

then we can simplify the problem by finding the smallest
zerot of (37), replacingΨ(t) by thenth order Taylor series
approximation.

Proposition 2 gives the first steps toward an explicit ap-
proximate solution for finding the next activation time given
a genericf . Now we examine a special cases off .

A typical choice forf is a quadratic function [32, 3] that
is defined as follows

f(e, x) =
eT Q1e

xT Q2x
, (45)

whereQ1, Q2 ∈ R
n×n are weighting matrices. In this case

it is possible to determine an explicit solution of the next
sampling instantai+1 that solves (9).

Given the sampled statexi at the instantai, when the
error is quadratic for the problem of (9), thenai+1 is given
by the smallest value that solves the following equation

(x(t) − xi)
T Q1(x(t) − xi)

xT
i Q2xi

= η (46)

Fortunately the following Proposition allows to find effi-
ciently this value.

Proposition 3 For any linear system (1)–(2) with execution
rule of the form (45), and for any given statexi, the next
sampling instant is the smallest positive zero of the function
on t

[Ψ(t − ai)(A + BL)xi]
T

Q1 [Ψ(t − ai)(A + BL)xi]−

η(xT
i Q2xi) = 0, (47)

whereΨ : R → R
n×n is defined in (38).

Proof Equation (46) that can be re-arranged as

(x(t−ai)−xi)
T Q1(x(t−ai)−xi)−η(xT

i Q2xi) = 0. (48)

Rewriting (48) in terms of (43) we obtain (47) which is
a function ont. Therefore, we will find the next sampling
time by solving (47) fort and choosing the smallest positive
zero.

Remark 1 Note that finding the zeros of (47) is still a chal-
lenging task. However, by using annth-order approxima-
tion ofΨ in (47), equation (47) becomes a polynomial ont

of degree2n, and theai+1 will be the smallest positive root
of the polynomial.


